Cambridge A-Level Further Mathematics 9231 - P2 2020 - 2025

9231_21_Summer_2020_Q1

Solution

The given problem is a first-order linear ordinary differential equation of the form:

&4 Py = Q@)

where P(z) =5 and Q(x) = e~ *. We are given the initial condition y(0) = 0.

1. Determine the integrating factor To solve this equation, we first find the integrating
factor, denoted by u(z):
N(x) — efP(:c)d:c
— ef5d1:
— e5z
2. Multiply the differential equation by the integrating factor Multiplying both sides of
the original equation by u(z) = €5¢ yields:

6511@ + 5653;:1/ — 6590 . 67733
dx

The left-hand side is the derivative of the product y - €>* by the product rule:

65:6) — e—Zz

3. Integrate both sides Integrate with respect to «:

ye5x — /6—230 dx

1
y65m — _56—2r 4 C

where C'is the constant of integration.

4. Apply the initial condition We are given that y = 0 when z = 0. Substituting these values
into the equation:

(0)e30) — —%e‘2<0) +C

1
=—=(1

0 2()+O
1

C_5

5. Solve for y Substitute C =  back into the general solution:
1 1

Sz _ _ T~ 2z -
ye 5¢ T3

To isolate y, multiply the entire equation by e~5*:
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1 1
__ bz _ 2z -
y=e ( 26 + 2)

1 1
y - _56—7117 + 56—5117

Factoring out 1 gives the final form:
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9231_21_Summer_2020_Q2

Solution

1. Logarithmic Differentiation

To show the derivative of y = 2% using logarithmic differentiation, we first take the natural
logarithm of both sides:

Iny = In(27)
lny=2xzIn2

Differentiating both sides with respect to z using the chain rule on the left-hand side:

d d
ﬁ(lny) = %(m In 2)
1dy
——==1In2
ydr .
dy
~Z —yln2
dx ym
Substituting y = 2* back into the equation:
@ =2%1n2
T

2. Second Derivative

To find the second derivative, we differentiate the first derivative g—g = (In2)2* with respect to
z.Since In 2 is a constant:

d2y d z
dz? dx((ln2)2 )
d xr

= (In2)—-—(27)

Using the result from part (a), where £ (27) = 2% In 2:
d?y .

dr?
= 2%(In 2)?

(In2)(2*1n2)

d2y -
w =2 (ln 2)2

3. Maclaurin Series Expansion

The Maclaurin series for a function f(z) is given by:

F0)

flz)=f0)+ f(0)z + TR + ...

Let f(z) = 2*. We evaluate the function and its derivatives at z = 0:
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Ff0)=2=1

« f/(0)=2In2=1n2

¢ f7(0) =2°(In2)%? = (In2)?2

Substituting these values into the series formula for the first three terms:

(In2)?2 2

2" ~ 1+ (In2)z +

7?(In2)?

22 ~14+xIn2 + >

Solved Past Papers 4/661 www.exam-mate.com




Cambridge A-Level Further Mathematics 9231 - P2 2020 - 2025

9231_21_Summer_2020_Q3

Solution

1. Finding the roots of the equation 23 = —1 — ¢
To find the roots, we first express the complex number —1 — i in exponential form re®.

* The modulus ris:

r=+(-1)2+(-1)2=Vv2
+ The argument 6 is found in the third quadrant (since both real and imaginary parts are

negative):

0 + arcta <_1) +7T o™
=T I n| — =T _= —
-1 4

Thus, the equation is:
23 = V2! +nT) ez

Applying De Moivre’s Theorem to find the cube roots z = (23)/3:

57/4+2nm

s = (VB ) Lpvatgee
Forn =0, 1,2, we obtain the three roots in the range 0 < 6 < 27
* Forn =0: z, = 21/6¢%
« Forn =1: z, = 2'/6¢ i(3B+15) = 91/66i45

« Forn = 2: 2y = 2M/06H355+55) = 21/66i55F = 91/66%F

;5 ;137 ;T
z = 21/6615, Zy = 21/661W, 23 = 21/6¢1F

2. Expressing w = z3% 4 23k 4 23% in the form Rei®

Since zy, 2y, 23 are all roots of the equation 23 = —1 — i, it follows that:
zi’zzg’:zg:—l—i

We can substitute this into the expression for w:

w=(27)" + ()" + (25)"
(—1—@)F 4+ (=1 —i)" + (—1—1)F
3(—1—q)k

Using the exponential form of —1 — i derived in part (a), which is V2ei
w = 3( 2e’ Sf)k
— 3(21/2)kei‘5]fT’T

5k7r

=3. 2k/2
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The expression is now in the form Re® where:

« R—=3.9k/?2

km
o a:sT
R:3-2k/2,a:5lfT”
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Solution
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The problem asks us to estimate the area under the curve y = z? fromz = 0to = = 1 using a
Riemann sum approach with n rectangles of equal width.

1. Upper Bound Estimation

* The interval [0,1] is divided into n sub-intervals, each of width Az = L.

+ The diagram shows rectangles whose heights are determined by the value of the function
at the right-hand endpoint of each sub-interval. Since f(x) = 2?2 is an increasing function on
[0, 1], this Right Riemann Sum (R,,) provides an upper bound for the integral.

The k-th rectangle has a height f(z,) = (%)2 fork=1,2,...,n.

* The sum of the areas of these n rectangles is:

* Using the standard formula for the sum of squares, 3~ k% =

k=1

SADM

k=1

R
n?

_ 1 n(r+1)(@2n+1)

R

nop3 6
(n+1)(2n+1)
6n2
2n? +3n+1
- 6n2

n(n+1)(2n+1)

6

* Since f(z) = z? is strictly increasing, the area under the curve is strictly less than the sum of

the right-endpoint rectangles:
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2. Lower Bound Estimation

+ To find a lower bound, we use the Left Riemann Sum (L,,), where the height of each
rectangle is determined by the function value at the left-hand endpoint of each sub-
interval.

* The k-th rectangle has a height f(z;, ;) = (ﬂ)2 fork=1,2,...,n.

n

* The sum of the areas is:

Il
= T
g

* Applying the sum of squares formula for n — 1 terms:

1 m—1D(n—1)+1)2(n—-1)+1)

Ln=13 6
1 (n=1)(n)(2n—1)
T nd 6
(n—1)2n—1)
B 6n?
2n? —3n +1
- 6n?

* Since f(z) = z? is increasing, the left-endpoint rectangles lie entirely below the curve
(except at the endpoints), providing a lower bound:
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1 2
2n° —3 1
/ de > 2 St ]
0 6n

2n? —3n+1
6n2
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Solution

1. Finding the intersection point a

To find the intersection point of the curves C, : y = coshz and C,, : y = sinh 2z, we set the
equations equal to each other:

cosh z = sinh 2z
Using the double-angle identity for hyperbolic sine, sinh 2z = 2 sinh z cosh z, we have:
cosh z = 2sinh z cosh
Rearranging the equation:

coshz(l —2sinhz) =0

Since the hyperbolic cosine function cosh z = ££2= is always greater than or equal to 1 for
all real z, cosh z # 0. Thus, we must have:

1
1 —2sinhx =0 = sinhx = 2

To find z = a in logarithmic form, we use the inverse hyperbolic sine formula arsinh 2 =

In(z + V22 4+ 1):

:ln(1+\/5)
2

Note that this value is the logarithm of the golden ratio ¢.
2. Sketching the curves

The curve C} = cosh z is an even function with a minimum at (0, 1). The curve C, = sinh 2z is
an odd function passing through the origin (0,0) and increasing rapidly for z > 0.
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3. Calculating the arc length of C,

The arc length s of a curve y = f(z) from z = z; to x = z, is given by:

y dy\ >
= 1+ (=) d
S /g731 +<dm) x

For C, : y = cosh z, the derivative is % = sinh z. Substituting this into the formula:

s:/ v/1 + sinh? z dz
0

= / coshz dx
0

where we used the fundamental identity cosh? x — sinh? z = 1. Evaluating the integral:

s = [sinh z]§
= sinha — sinh 0

= sinha

From our calculation in step 1, we know that at the intersection point z = a, sinha = 3

5.
(@) (1+\/5)
a=In 5

(b) |1

2
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9231_21_Summer_2020_Q6

Solution

The integral is defined as I, = f01/2(1 — z2)""/2dx,
1. Evaluation of I, To find I;, we substitute n = 1 into the integral:
1/2 1
—dx
0 V 1— .’,E2
Using the standard integral for the arcsine function:

I, = [aurcsin(:c)](:g/2

I]_:

N | =

= arcsin( ) — arcsin(0)

11:

il
6

2. Derivation of the Reduction Formula We consider the derivative of f(z) = z(1 — 22)~"™/2
using the product rule and chain rule:

d

%(w(l _ wz)—n/Z) =1-(1— w?)—n/2 +z- (_g>(1 _ xz)—n/2—1 - (—2z)

A (1 N x2)—n/2 + nx2(1 _ m2)—(n+2)/2
To relate this to I, and I, ,, we rewrite z% as —(1 — z?) + 1:

d

(21 —2)72) = (1= 2?) 72 £ n[—(1—2%) +1)(1 - 2%)"+2/2
=(1- x2)—n/2 —n(1— $2)—n/2 +n(l— x2)—(n+2)/2

(1 _ n)(l _ xZ)—n/Z + n<1 _ 1‘2)_(n+2)/2

Integrating both sides from 0 to 1/2:
[o(1— )] = (1= n), +nl,.,,
1 1 —n/2

1.3\ "/?
5(1) = (1—n)[n+nfn+2

1
52" 372 =(1—n)I, +nl,,

2n137/2 = (1 —n)I, +nl, .,
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Rearranging to the required form:
nl, ., =2""13"2 4 (n-1)I,
3. Evaluation of I; We first need I;. Setting n = 1 in the reduction formula:

1-I;=2"13"12 41— 1),

1
Ii=1-—+0
’ V3

V3
3

Now, setting n = 3 to find I;:

3L, =23"1332 4 3-1)I,

1 V3
3L, =4 —— 4+ 2. =
° 3v/3 3

43 23
3= —~— 4+ %
5 E
4/3 4+ 63
3= —~———*°
9
10v/3
3L = —°
5 9
10v/3
I5:—
27

The value is in the form kv/3 where k = 12.

10
27

I 3
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9231_21_Summer_2020_Q7

Solution

1. Transformation of the Differential Equation

Given the substitution z = 3y, we determine the derivatives of z with respect to ¢ using the
product rule.

* First derivative:

dx dy
— =3—= 4+ 3t?
at U T

« Second derivative:

>z d 3dy 9
W_dt( a T3y )

42 d d
_ (t?’ﬁg + 3t2d—§/> + <3t2d—ij + 6ty>

d
£ + 612+ Gty

Now, we substitute these expressions into the linear combination ££ + 4492 4 134:

dt
d?*x dx d=y dy dy
+4— + 13z = 6227 1 6t 4( ¢ 3t2 13(¢3
ae gt e (dt2+ at * y)+(dt+ )+ (")
d?y

t3
dt?

dy
+ (483 + 62) Y ph + (1383 + 12t% + 6t)y

Comparing this result to the original differential equation provided:

d%y d
e R 6t2)d—'7i + (1363 + 1262 + 6t)y = 61e3!

It is shown that:

dx dx 1
2T 4% 131 = 6ledt
qz g T =0le

2. Solving for the General Solution

To find y(t), we first solve the second-order linear non-homogeneous differential equation
for z(t).

« Complementary Function (x_): The characteristic equation is r2 + 4r + 13 = 0.
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—4 4 /42 — 4(1)(13)
2
—4 4+ /16 — 52

2

—44 /=36
= iT =—2+3i

Thus, z_(t) = e 2¢(A cos(3t) + Bsin(3t)).

* Particular Integral (z,): Assume a solution of the form z (t) = Cez?.

dzx 1

P _ it
TR
d?z 1 .
p _ st
@ — 1%

Substituting into the differential equation for z:

1 1 .
(ZC + 4(50) + 13C’)e2t — 6le3t

<%+2+13>C’:61
1
%C =6l=C=14
So, z,(t) = dezt,
+ General Solution for xz(t):
z(t) = e 2t(Acos(3t) + Bsin(3t)) + 4ez?
* General Solution for y(t): Using the relation y = 5:

e2t( A cos(3t) + Bsin(3t)) + ezt
t3

y:

1 [e—zt(A cos(3t) + Bsin(3t)) + 4e§t]

y:tg
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9231_21_Summer_2020_Q8

Solution

1. Non-unique solution for the system of equations

A homogeneous system of linear equations has a non-unique solution (i.e., non-trivial
solutions exist) if and only if the determinant of its coefficient matrix is zero. The system is:

Bz +y+2=0
ax+6y—z=0
0z +ay—22=0
The coefficient matrix M is:
M=311a6 —1,0 a —2)
We calculate the determinant det(M) using Laplace expansion along the first column:
det(M) =36 —1;a —2| —a|l 1;a —2/4+0|1 1;6 —1|
=3(—12—(—a)) —a(—2 —a)
=3(a—12) +ala+2)
=3a—36+a’+ 2a
=a®+5a — 36
For a non-unique solution, we set det(M) = 0:
a’?+5a—36 =0
(@+9)(a—4)=0

Thus, the values of a are a = —9 and a = 4.
2. Inverse of A2 using the characteristic equation
The matrix A is an upper triangular matrix:
A=(31106 —1;0 0 —2)
The eigenvalues are the diagonal entries: A, = 3, A\, = 6, \; = —2. The characteristic
equation is given by p(\) = det(A — A\I) = 0:
B=XN)(6—XN(—2—X)=0
(A2 —9A+18)(—2—)\) =0
—2X2 — A3+ 18A+ 9\ —36 — 18X =0
A3+ 722 —-36=0
A —TA2+36=0
By the Cayley-Hamilton Theorem, A satisfies its own characteristic equation:

A3 —TA?+361 =0
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To find (A2)7!, we first find A~1. Multiplying by A~*:

A2 —T7TA+36471=0
3641 =74 — A2

1
AT = S (TA - AY)

Then (42%)~! = (A71)2. Alternatively, from A3 — 7A? + 361 = 0, we can write:
A2(A—7I) = —361

12 71— A g
36 -

Thus, (4%)7! = (71 — A). Calculating 71 — A:
TT—A=(700,070007) —(311,06—-1;00—-2)=(4—-1-1;011;009)

1
(A7) =24 ~1 =10 1 1,0 0 9)

1/9 —1/36 —1/36
(A21=| 0 1/36 1/36
0o o0 1/4

3. Diagonalization and A°®

To find P and D such that A5 = PDP~!, we use diagonalization. Since A has distinct
eigenvalues, it is diagonalizable. The matrix D will contain the eigenvalues of A% on its
diagonal:

D= (350 0;0 65 0;0 0 (—2)5) = (243 0 0;0 7776 0;0 0 —32)
The matrix P consists of the eigenvectors of A.

. x 1
For )\1 = 3: (A — 3I)V1 =0= (0 1 1,0 3 —1;0 0 75) (y) =0 = Yy = 07 z=0. Let v, = (0) .
z 0

) For Ay =6: (A—6I)vy=0= (-3 1 1,0 0 —150 0 —8)(1/) =0=2=0,-3z+y=0.Letv, =

)

" For Ag=—2(A+2)vg=0= (51 1;0 8 —150 0 0) (y) = 0. From row 2: 8y = z. From row 1:

z

-9
S5z +y+8y=0= 5z =—9y.Lety =5, then z =40,z = —9. Let v5 = <5>
40

Thus, P = (1 1 —9,0 3 50 0 40).

11-9 243 0 0
P=103 , D=1 0 7776 0
00 40 0 0 —-32
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	Solution


	9231_22_Winter_2021_Q6
	1: Matrix operations and eigenvalues
	Solution


	9231_22_Winter_2021_Q7
	1: Solve differential equation
	Solution


	9231_22_Winter_2021_Q8
	1: Hyperbolic functions and integrals
	Solution



	9231_23_Winter_2021
	9231_23_Winter_2021_Q1
	1: Find Maclaurin's series
	Solution


	9231_23_Winter_2021_Q2
	1: Characteristic equation of matrix
	Solution


	9231_23_Winter_2021_Q3
	1: Implicit differentiation and second derivative
	Solution


	9231_23_Winter_2021_Q4
	1: Sum of areas of rectangles
	Solution


	9231_23_Winter_2021_Q5
	1: Solve differential equation
	Solution


	9231_23_Winter_2021_Q6
	1: De Moivre's theorem and roots
	Solution


	9231_23_Winter_2021_Q7
	1: Solve differential equation
	Solution


	9231_23_Winter_2021_Q8
	1: Prove hyperbolic identity and find area
	Solution




	9231_P2_2022
	9231_21_Summer_2022
	9231_21_Summer_2022_Q1
	1: Find alpha in terms of s
	Solution


	9231_21_Summer_2022_Q2
	1: Prove hyperbolic identity and solve equation
	Solution


	9231_21_Summer_2022_Q3
	1: Solve differential equation
	Solution


	9231_21_Summer_2022_Q4
	1: Approximate integral with rectangles
	Solution


	9231_21_Summer_2022_Q5
	1: Maclaurin's series expansion
	Solution


	9231_21_Summer_2022_Q6
	1: Solve differential equation
	Solution


	9231_21_Summer_2022_Q7
	1: De Moivre's theorem and roots
	Solution


	9231_21_Summer_2022_Q8
	Problem 1
	Solution



	9231_22_Summer_2022
	9231_22_Summer_2022_Q1
	1: Find alpha in terms of s
	Solution


	9231_22_Summer_2022_Q2
	1: Prove hyperbolic identity and solve equation
	Solution


	9231_22_Summer_2022_Q3
	1: Solve differential equation
	Solution


	9231_22_Summer_2022_Q4
	1: Approximate integral with rectangles
	Solution


	9231_22_Summer_2022_Q5
	1: Maclaurin's series expansion
	Solution


	9231_22_Summer_2022_Q6
	1: Solve differential equation
	Solution


	9231_22_Summer_2022_Q7
	1: De Moivre's theorem and roots
	Solution


	9231_22_Summer_2022_Q8
	Problem 1
	Solution



	9231_23_Summer_2022
	9231_23_Summer_2022_Q1
	1: Find roots of complex equation
	Solution


	9231_23_Summer_2022_Q2
	1: Maclaurin series and arc length
	Solution


	9231_23_Summer_2022_Q3
	1: Eigenvalues and characteristic equation
	Solution


	9231_23_Summer_2022_Q4
	1: Parametric differentiation
	Solution


	9231_23_Summer_2022_Q5
	1: Solve differential equation
	Solution


	9231_23_Summer_2022_Q6
	1: Riemann sum and integral bounds
	Solution


	9231_23_Summer_2022_Q7
	1: Solve second-order differential equation
	Solution


	9231_23_Summer_2022_Q8
	1: Evaluate definite integral
	Solution



	9231_21_Winter_2022
	9231_21_Winter_2022_Q1
	1: Find Maclaurin series
	Solution


	9231_21_Winter_2022_Q2
	1: Analyze system of linear equations
	Solution


	9231_21_Winter_2022_Q3
	1: Find arc length of parametric curve
	Solution


	9231_21_Winter_2022_Q4
	1: Prove hyperbolic identity and derivative
	Solution


	9231_21_Winter_2022_Q5
	1: Solve differential equation
	Solution


	9231_21_Winter_2022_Q6
	1: Matrix diagonalization and powers
	Solution


	9231_21_Winter_2022_Q7
	1: Complex numbers and series sum
	Solution


	9231_21_Winter_2022_Q8
	1: Solve integral and differential equation
	Solution



	9231_22_Winter_2022
	9231_22_Winter_2022_Q1
	1: Solve system of linear equations
	Solution


	9231_22_Winter_2022_Q2
	1: Calculate derivatives of a curve
	Solution


	9231_22_Winter_2022_Q3
	Problem 1
	Solution


	9231_22_Winter_2022_Q4
	1: Solve differential equation
	Solution


	9231_22_Winter_2022_Q5
	1: De Moivre's theorem and roots of unity
	Solution


	9231_22_Winter_2022_Q6
	1: Sum of rectangle areas inequality
	Solution


	9231_22_Winter_2022_Q7
	1: Eigenvalues and Eigenvectors
	Solution


	9231_22_Winter_2022_Q8
	1: Show and find u in terms of x
	Solution



	9231_23_Winter_2022
	9231_23_Winter_2022_Q1
	1: Find Maclaurin series
	Solution


	9231_23_Winter_2022_Q2
	1: Analyze system of linear equations
	Solution


	9231_23_Winter_2022_Q3
	1: Find arc length of parametric curve
	Solution


	9231_23_Winter_2022_Q4
	1: Prove hyperbolic identity and derivative
	Solution


	9231_23_Winter_2022_Q5
	1: Solve differential equation
	Solution


	9231_23_Winter_2022_Q6
	1: Matrix diagonalization and powers
	Solution


	9231_23_Winter_2022_Q7
	1: Complex numbers and series sum
	Solution


	9231_23_Winter_2022_Q8
	1: Solve integral and differential equation
	Solution




	9231_P2_2023
	9231_21_Summer_2023
	9231_21_Summer_2023_Q1
	1: Solve system of linear equations
	Solution


	9231_21_Summer_2023_Q2
	1: Solve differential equation with substitution
	Solution


	9231_21_Summer_2023_Q3
	1: Complex numbers and integration
	Solution


	9231_21_Summer_2023_Q4
	1: Evaluate integral using recurrence
	Solution


	9231_21_Summer_2023_Q5
	1: Matrix eigenvalues and diagonalization
	Solution


	9231_21_Summer_2023_Q6
	1: Solve differential equation
	Solution


	9231_21_Summer_2023_Q7
	1: Evaluate integral and sum inequalities
	Solution


	9231_21_Summer_2023_Q8
	1: Hyperbolic functions and derivatives
	Solution



	9231_22_Summer_2023
	9231_22_Summer_2023_Q1
	1: Solve system of linear equations
	Solution


	9231_22_Summer_2023_Q2
	1: Solve differential equation with substitution
	Solution


	9231_22_Summer_2023_Q3
	1: Complex numbers and integration
	Solution


	9231_22_Summer_2023_Q4
	1: Evaluate integral using recurrence
	Solution


	9231_22_Summer_2023_Q5
	1: Matrix eigenvalues and diagonalization
	Solution


	9231_22_Summer_2023_Q6
	1: Solve differential equation
	Solution


	9231_22_Summer_2023_Q7
	1: Evaluate integral and sum inequalities
	Solution


	9231_22_Summer_2023_Q8
	1: Hyperbolic functions and derivatives
	Solution



	9231_23_Summer_2023
	9231_23_Summer_2023_Q1
	1: Maclaurin series and approximation
	Solution


	9231_23_Summer_2023_Q2
	1: Solve differential equation
	Solution


	9231_23_Summer_2023_Q3
	1: Prove trigonometric identity
	Solution


	9231_23_Summer_2023_Q4
	1: Implicit differentiation and second derivative
	Solution


	9231_23_Summer_2023_Q5
	1: Prove hyperbolic identity & solve DE
	Solution


	9231_23_Summer_2023_Q6
	1: Approximate integral with rectangles
	Solution


	9231_23_Summer_2023_Q7
	1: Evaluate definite integrals
	Solution


	9231_23_Summer_2023_Q8
	1: Matrix properties and eigenvalues
	Solution



	9231_21_Winter_2023
	9231_21_Winter_2023_Q1
	1: System of equations solution
	Solution


	9231_21_Winter_2023_Q2
	1: Find complex roots
	Solution


	9231_21_Winter_2023_Q3
	1: Maclaurin series for tanh inverse
	Solution


	9231_21_Winter_2023_Q4
	1: Solve differential equation
	Solution


	9231_21_Winter_2023_Q5
	1: Parametric curve properties
	Solution


	9231_21_Winter_2023_Q6
	1: Hyperbolic functions and differential equations
	Solution


	9231_21_Winter_2023_Q7
	1: Find P, D, and A inverse
	Solution


	9231_21_Winter_2023_Q8
	Problem 1
	Solution



	9231_22_Winter_2023
	9231_22_Winter_2023_Q1
	1: Find Maclaurin's series
	Solution


	9231_22_Winter_2023_Q2
	1: Parametric differentiation
	Solution


	9231_22_Winter_2023_Q3
	1: De Moivre's theorem and roots
	Solution


	9231_22_Winter_2023_Q4
	1: Solve first-order linear ODE
	Solution


	9231_22_Winter_2023_Q5
	1: Analyze curve properties and sum
	Solution


	9231_22_Winter_2023_Q6
	1: Eigenvalues and Inverse of Matrix
	Solution


	9231_22_Winter_2023_Q7
	1: Prove hyperbolic identity and surface area
	Solution


	9231_22_Winter_2023_Q8
	1: Solve differential equation
	Solution



	9231_23_Winter_2023
	9231_23_Winter_2023_Q1
	1: System of equations solution
	Solution


	9231_23_Winter_2023_Q2
	1: Find complex roots
	Solution


	9231_23_Winter_2023_Q3
	1: Maclaurin series for tanh inverse
	Solution


	9231_23_Winter_2023_Q4
	1: Solve differential equation
	Solution


	9231_23_Winter_2023_Q5
	1: Parametric curve properties
	Solution


	9231_23_Winter_2023_Q6
	1: Hyperbolic functions and differential equations
	Solution


	9231_23_Winter_2023_Q7
	1: Find P, D, and A inverse
	Solution


	9231_23_Winter_2023_Q8
	Problem 1
	Solution




	9231_P2_2024
	9231_21_Summer_2024
	9231_21_Summer_2024_Q1
	1: Find roots of complex equation
	Solution


	9231_21_Summer_2024_Q2
	1: Find Maclaurin's series
	Solution


	9231_21_Summer_2024_Q3
	1: Differentiate parametric equations
	Solution


	9231_21_Summer_2024_Q4
	1: Evaluate definite integral
	Solution


	9231_21_Summer_2024_Q5
	1: Calculate integral bounds
	Solution


	9231_21_Summer_2024_Q6
	1: Solve differential equation
	Solution


	9231_21_Summer_2024_Q7
	1: Solve integral and differential equation
	Solution


	9231_21_Summer_2024_Q8
	1: Solve system of linear equations
	Solution



	9231_22_Summer_2024
	9231_22_Summer_2024_Q1
	1: Find roots of complex equation
	Solution


	9231_22_Summer_2024_Q2
	1: Find Maclaurin's series
	Solution


	9231_22_Summer_2024_Q3
	1: Differentiate parametric equations
	Solution


	9231_22_Summer_2024_Q4
	1: Evaluate definite integral
	Solution


	9231_22_Summer_2024_Q5
	1: Calculate integral bounds
	Solution


	9231_22_Summer_2024_Q6
	1: Solve differential equation
	Solution


	9231_22_Summer_2024_Q7
	1: Solve integral and differential equation
	Solution


	9231_22_Summer_2024_Q8
	1: Solve system of linear equations
	Solution



	9231_23_Summer_2024
	9231_23_Summer_2024_Q1
	1: Evaluate definite integral
	Solution


	9231_23_Summer_2024_Q2
	1: Calculate arc length of curve
	Solution


	9231_23_Summer_2024_Q3
	1: Implicit differentiation
	Solution


	9231_23_Summer_2024_Q4
	1: Bounds for sum of reciprocals
	Solution


	9231_23_Summer_2024_Q5
	1: Solve differential equation
	Solution


	9231_23_Summer_2024_Q6
	1: Show summation identities
	Solution


	9231_23_Summer_2024_Q7
	1: Solve differential equation
	Solution


	9231_23_Summer_2024_Q8
	1: Planes and line equations
	Solution



	9231_21_Winter_2024
	9231_21_Winter_2024_Q1
	1: Solve system of equations for unique solution
	Solution


	9231_21_Winter_2024_Q2
	1: Calculate derivatives of parametric eq
	Solution


	9231_21_Winter_2024_Q3
	1: Calculate surface area of revolution
	Solution


	9231_21_Winter_2024_Q4
	1: Eigenvector and characteristic equation
	Solution


	9231_21_Winter_2024_Q5
	1: Solve differential equation
	Solution


	9231_21_Winter_2024_Q6
	1: Approximate integral with rectangles
	Solution


	9231_21_Winter_2024_Q7
	1: Solve differential equation
	Solution


	9231_21_Winter_2024_Q8
	1: De Moivre's theorem and integrals
	Solution



	9231_22_Winter_2024
	9231_22_Winter_2024_Q1
	1: Evaluate definite integral
	Solution


	9231_22_Winter_2024_Q2
	1: Differentiate implicit function
	Solution


	9231_22_Winter_2024_Q3
	1: Find the exact length of C
	Solution


	9231_22_Winter_2024_Q4
	1: De Moivre's theorem and roots
	Solution


	9231_22_Winter_2024_Q5
	1: Find particular solution of DE
	Solution


	9231_22_Winter_2024_Q6
	1: Evaluate definite integral bounds
	Solution


	9231_22_Winter_2024_Q7
	1: Differentiate and solve differential equation
	Solution


	9231_22_Winter_2024_Q8
	1: Matrix characteristic equation
	Solution



	9231_23_Winter_2024
	9231_23_Winter_2024_Q1
	1: Solve system of equations for unique solution
	Solution


	9231_23_Winter_2024_Q2
	1: Calculate derivatives of parametric eq
	Solution


	9231_23_Winter_2024_Q3
	1: Calculate surface area of revolution
	Solution


	9231_23_Winter_2024_Q4
	1: Eigenvector and characteristic equation
	Solution


	9231_23_Winter_2024_Q5
	1: Solve differential equation
	Solution


	9231_23_Winter_2024_Q6
	1: Approximate integral with rectangles
	Solution


	9231_23_Winter_2024_Q7
	1: Solve differential equation
	Solution


	9231_23_Winter_2024_Q8
	1: De Moivre's theorem and integrals
	Solution




	9231_P2_2025
	9231_21_Summer_2025
	9231_21_Summer_2025_Q1
	1: Find roots of complex equation
	Solution


	9231_21_Summer_2025_Q2
	1: Evaluate definite integral with recurrence
	Solution


	9231_21_Summer_2025_Q3
	1: Prove trigonometric identity
	Solution


	9231_21_Summer_2025_Q4
	1: Estimate sum of areas of rectangles
	Solution


	9231_21_Summer_2025_Q5
	1: Solve differential equation
	Solution


	9231_21_Summer_2025_Q6
	1: Hyperbolic functions and derivatives
	Solution


	9231_21_Summer_2025_Q7
	1: Solve differential equation
	Solution


	9231_21_Summer_2025_Q8
	1: Eigenvalues and Characteristic Equation
	Solution



	9231_22_Summer_2025
	9231_22_Summer_2025_Q1
	1: Find roots of complex equation
	Solution


	9231_22_Summer_2025_Q2
	1: Evaluate definite integral with recurrence
	Solution


	9231_22_Summer_2025_Q3
	1: Prove trigonometric identity
	Solution


	9231_22_Summer_2025_Q4
	1: Estimate sum of areas of rectangles
	Solution


	9231_22_Summer_2025_Q5
	1: Solve differential equation
	Solution


	9231_22_Summer_2025_Q6
	1: Hyperbolic functions and derivatives
	Solution


	9231_22_Summer_2025_Q7
	1: Solve differential equation
	Solution


	9231_22_Summer_2025_Q8
	1: Eigenvalues and Characteristic Equation
	Solution



	9231_23_Summer_2025
	9231_23_Summer_2025_Q1
	1: Find Maclaurin's series
	Solution


	9231_23_Summer_2025_Q2
	1: Prove hyperbolic identity and find arc length
	Solution


	9231_23_Summer_2025_Q3
	1: Implicit differentiation and d2y/dx2
	Solution


	9231_23_Summer_2025_Q4
	1: Solve differential equation
	Solution


	9231_23_Summer_2025_Q5
	1: De Moivre's theorem and roots
	Solution


	9231_23_Summer_2025_Q6
	1: Area under curve approximation
	Solution


	9231_23_Summer_2025_Q7
	1: Solve differential equation
	Solution


	9231_23_Summer_2025_Q8
	1: Solve system of equations
	Solution



	9231_24_Summer_2025
	9231_24_Summer_2025_Q1
	1: Solve system of linear equations
	Solution


	9231_24_Summer_2025_Q2
	1: Evaluate definite integral
	Solution


	9231_24_Summer_2025_Q3
	1: Solve differential equation
	Solution


	9231_24_Summer_2025_Q4
	1: Parametric equations and Maclaurin's series
	Solution


	9231_24_Summer_2025_Q5
	1: De Moivre's theorem and roots
	Solution


	9231_24_Summer_2025_Q6
	1: Solve differential equation
	Solution


	9231_24_Summer_2025_Q7
	1: Matrix diagonalization and characteristic equation
	Solution


	9231_24_Summer_2025_Q8
	1: Analyze hyperbolic tangent curve
	Solution



	9231_21_Winter_2025
	9231_21_Winter_2025_Q1
	1: Solve system of equations
	Solution


	9231_21_Winter_2025_Q2
	1: Parametric curve differentiation and series
	Solution


	9231_21_Winter_2025_Q3
	1: Evaluate integral using reduction formula
	Solution


	9231_21_Winter_2025_Q4
	1: Solve differential equation
	Solution


	9231_21_Winter_2025_Q5
	1: Area under curve with rectangles
	Solution


	9231_21_Winter_2025_Q6
	1: Matrix eigenvalues and inverse
	Solution


	9231_21_Winter_2025_Q7
	1: Solve differential equation
	Solution


	9231_21_Winter_2025_Q8
	1: Sum of series using De Moivre's theorem
	Solution



	9231_22_Winter_2025
	9231_22_Winter_2025_Q1
	1: Find length of polar curve
	Solution


	9231_22_Winter_2025_Q2
	1: Find roots of complex equation
	Solution


	9231_22_Winter_2025_Q3
	1: Implicit differentiation
	Solution


	9231_22_Winter_2025_Q4
	1: Binomial expansion and integral
	Solution


	9231_22_Winter_2025_Q5
	1: Solve differential equation
	Solution


	9231_22_Winter_2025_Q6
	1: Evaluate integral and sum
	Solution


	9231_22_Winter_2025_Q7
	1: Differentiate and solve differential equation
	Solution


	9231_22_Winter_2025_Q8
	Problem 1
	Solution



	9231_23_Winter_2025
	9231_23_Winter_2025_Q1
	1: Solve system of equations
	Solution


	9231_23_Winter_2025_Q2
	1: Parametric curve differentiation and series
	Solution


	9231_23_Winter_2025_Q3
	1: Evaluate integral using reduction formula
	Solution


	9231_23_Winter_2025_Q4
	1: Solve differential equation
	Solution


	9231_23_Winter_2025_Q5
	1: Area under curve with rectangles
	Solution


	9231_23_Winter_2025_Q6
	1: Matrix eigenvalues and inverse
	Solution


	9231_23_Winter_2025_Q7
	1: Solve differential equation
	Solution


	9231_23_Winter_2025_Q8
	1: Sum of series using De Moivre's theorem
	Solution



	9231_24_Winter_2025
	9231_24_Winter_2025_Q1
	1: Show recurrence relation and find I2
	Solution


	9231_24_Winter_2025_Q2
	1: Solve hyperbolic equation and sketch
	Solution


	9231_24_Winter_2025_Q3
	1: De Moivre's theorem and roots
	Solution


	9231_24_Winter_2025_Q4
	1: Calculate sum of rectangle areas
	Solution


	9231_24_Winter_2025_Q5
	1: Solve differential equation
	Solution


	9231_24_Winter_2025_Q6
	1: Solve differential equation
	Solution


	9231_24_Winter_2025_Q7
	1: Parametric equations and derivatives
	Solution


	9231_24_Winter_2025_Q8
	Problem 1
	Solution







